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NUMERICAL STUDIES OF A DETONATION ANALOGUE 

J F Clarke, P L Roe, L G Simmonds and E F Tor0 

Col lege o f  Aeronautics, C r a n f i e l d  I n s t i t u t e  

o f  Technology, C ran f ie ld ,  Bedford, MK43 OAL, UK 

Abs t rac t  

As an a i d  t o  dec id ing  a computational s t r a t e g y  f o r  problems 

i n v o l v i n g  s t rong  detonat ion waves, we have a p p l i e d  a v a r i e t y  o f  

numerical techniques t o  a mathematical problem devised by 

F i c k e t t ,  which e x h i b i t s  many o f  t he  e s s e n t i a l  computational 

d i f f i c u l t i e s  and possesses a n a l y t i c a l  s o l u t i o n  corresponding t o  

ove rd r i ven  and underdr iven r e a c t i n g  f lows.  C lass i ca l  shock 

c a p t u r i n g  methods such as those o f  MacConnack and Godunov, do 

n o t  produce acceptable so lu t i ons .  

prov ided by F l u x  D i f f e rence  Methods (Roe's method) and by  

Random Choice Methods ( s t i l l  i n  one dimension), e s p e c i a l l y  by 

u s i n g  a new v a r i a n t  t h a t  y i e l d s  second o rde r  accuracy. 

g r i d d i n g  techniques f o r  these methods are c u r r e n t l y  be ing i n v e s t -  

i g a t e d  w i t h  encouraging p r e l i m i n a r y  r e s u l t s .  

B e t t e r  s o l u t i o n s  can be 

Adaptive 
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1. INTRODUCTION 

Theore t i ca l  mode l l i ng  o f  de tona t ion  phenomena i n  condensed 

media i s  an area o f  i nc reas ing  i n t e r e s t  a t  the p resen t  t ime. 

Proposed mathematical models u s u a l l y  a re  systems o f  hyperbo l i c  

p a r t i a l  d i f f e r e n t i a l  equat ions together  w i t h  app rop r ia te  

boundary and i n i t i a l  c o n d i t i o n s  as w e l l  as c o r r e l a t i o n s .  The 

numerical s o l u t i o n  o f  such equat ions i s  n o t  a t r i v i a l  problem, 

a l though g r e a t  advances have been made i n  r e c e n t  years. 

main numerical d i f f i c u l t i e s  a r i s e  when rep resen t ing  d i s c o n t i n -  

u i t i e s  (eg. shocks, i n te r face ) .  Modern methods a re  a b l e  t o  capture 

d iscont inuous fea tu res  o f  t h e  f low,  w i t h o u t  app ly ing  any spec ia l  

f e a t u r e s  t o  them, and y e t  r e s o l v i n g  them w i t h i n  two t o  th ree  

mesh i n t e r v a l s .  

t o  a chemica l l y  i n a c t i v e  gas, b u t  are n o t  w h o l l y  adequate when 

the  wave mot ion i s  coupled w i th  s t r o n g  reac t i ons ,  as i n  a 

de tona t ion  wave. The s i t u a t i o n  we wish t o  model i nvo l ves  a 

hydrodynamic shock O f  n e g l i g i b l e  th ickness which t r i g g e r s  and i s  

f o l l owed  by a r e a c t i o n  zone whose th ickness i s  small  b u t  s i g n i f i -  

cant .  I n  r e a l i s t i c  computations i n v o l v i n g  an a f f o r d a b l e  number 

o f  mesh po in ts ,  t he  r e a c t i o n  zone m igh t  occupy f i v e  t o  ten  mesh 

i n t e r v a l s ,  and i f  two or t h ree  o f  these have t o  take care o f  the 

shock, the r e a c t i o n  zone i s  n o t  w e l l  represented. 

The 

These methods a re  ve ry  s a t i s f a c t o r y  when app l i ed  

A rea l  i s t i c  mathematical model i nvo l ves  the unsteady Eu le r  

equat ions i n  two o r  three dimensions as bas i c  component whose 

numerical s o l u t i o n  requ i res  a s i g n i f i c a n t  computational e f f o r t .  
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Hence i n  deciding an adequate numerical strategy i t  i s  best t o  

choose an analogous mathematical problem tha t  contains some o f  

the basic numerical d i f f i c u l t i e s  posed by r e a l i s t i c  models. 

we use a detonation analogue proposed by F i c k e t t  , 

two fundamental features, namely a hydrodynamic shock and a 

reac t ion  zone o f  f i n i t e  width. 

exact solut ions which are used t o  assess the adequacy o f  candidate 

numerical methods. 

Here 

1 which has 

I n  add i t i on  the analogue has 

So f a r  we have tested the fo l l ow ing  numerical techniques: 

(1) MacCormack's version o f  the Lax-Wendroff Scheme, (2)  a 

Moving F i n i t e  Element Method, ( 3 )  Godunov's Method, ( 4 )  the 

Random Choice Method, (5 )  a Higher Order Random Choice Method 

and (6) a Flux Difference S p l i t t i n g  Method. I t  i s  found t h a t  

methods 1 t o  3 are inadequate; methods 4 and 5 perform very wel l ,  

espec ia l l y  the l a t t e r .  These methods have the c a p a b i l i t y  o f  

producing shocks (and contacts) o f  zero width. 

versions o f  these methods however, have no t  y e t  been developed t o  

a sa t i s fac to ry  leve l .  

Method 6 performs'very sa t i s fac to r i l y ,  a1 though d i scon t inu i t i es  

are smeared; t h i s  method extends r e a d i l y  t o  mu1 t idimensional 

problems v i a  space operator s p l i t t i n g .  

Mu? tidimensional 

We are cu r ren t l y  working on t h i s  problem. 

In our experience, the choice o f  the numerical methods t o  use 

i n  the rea l  models has to  be coupled w i t h  adaptive gr idding 

techniques. These w i l  al low us t o  optimise the computing 

resources by applying iner  g r i ds  where s t r i c t l y  required (eg. 
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shock and r e a c t i o n  zone) o n l y .  

t h i s  technique i n t o  the development o f  numerical methods. 

We are c u r r e n t l y  i n c o r p o r a t i n g  

The remaining p a r t  o f  t h i s  paper i s  organised as fo l l ows :  

i n  Sect ion 2 we b r i e f l y  desc r ibe  the detonat ion analogue and i t s  

l i k e l y  s o l u t i o n s .  I n  Sec t ion  3 we descr ibe the  main fea tu res  o f  

t he  numerical methods used and g i v e  references f o r  f u r t h e r  

d e t a i l s .  

5 we present  numerical r e s u l t s  and t h e  performance o f  t h e  methois. 

In Section 6 we draw some conclus ions.  

I n  Sec t i on  4 we desc r ibe  two t e s t  problems. In Sect ion 

2. THE DETONATION ANALOGUE 

The c o n s t r u c t i o n  o f  t he  de tona t ion  analogue considered here 

i s  due t o  F i c k e t t l .  

i s  t he  need f o r  a mathematical o b j e c t  t h a t  r e t a i n s  some of the 

e s s e n t i a l  f e a t u r e s  o f  r e a c t i v e  f l o w  w h i l s t  avo id ing  many o f  t he  

comp lex i t i es  p resen t  i n  mathematical models f o r  the actual  

phys i ca l  problem ( t h e  .physical system). The proposed analogue i s  

The phi losophy behind such c o n s t r u c t i o n  

Pt + Px = 0 (1 1 

At = r ( 2  1 

P =.P(p,a) ( 3 )  

r = r(o,Af (4) 

This  i s  a 2 x 2 system (1) - ( 2 )  f o r  the unknowns p and X. 

The conserved v a r i a b l e  p and the f l u x  p are t o  be associated 

w i t h  the d e n s i t y  and pressure of the phys i ca l  system and so the 

same names w i l l  be used. 

p l a y  the r o l e s  o f  equat ion of s t a t e  and r a t e  equat ion r e s p e c t i v e l y .  

The a u x i l l i a r y  r e l a t i o n s  ( 3 )  and ( 4 )  
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A s i n g l e  chemical r e a c t i o n  A + B i s  allowed, w i t h  the  mass 

f r a c t i o n  o f  B denoted by A. 

( 3 )  - (4), va r ious  choices a re  poss ib le .  Here we take  

Concerning p and r i n  equat ions 

P = 4(p2 + A Q )  

1 
(5) 

(61 r = 2 (1  - A )  

where the  p o s i t i v e  constant  Q p lays  the  r o l e  o f  heat  o f  reac t i on .  

The r a t e  r i s  r e s t r i c t e d  t o  p o s i t i v e  values o n l y  except  i n  t h e  

e q u i l i b r i u m  s t a t e  X = 1 where r = 0. 

analogue reduces t o  the  i n v i s c i d  Burger 's  equat ion ( t h e  un reac t i ve  

f 1 ow analogue) . 

When Q = 0 the  de tona t ion  

L i k e l y  s o l u t i o n s  o f  t he  analogue a re  dep ic ted  i n  F i g .  1. 

F i g .  l ( a )  i l l u s t r a t e s  the  l i m i t i n g  case o f  an ove rd r i ven  deton- 

a t i o n  w i t h  pb = pe = S .  

( cons tan t  i n  t ime i n  t h i s  case), pe i s  the  f i n a l  e q u i l i b r i u m  

value (complete reac t i on ,  X = 1) and S i s  t h e  l ead ing  shock speed. 

F i g  l . ( b )  i l l u s t r a t e s  an ove rd r i ven  de tona t ion  w i t h  pb = pe > S and 

F ig .  l ( b )  i l l u s t r a t e s  an unsupported de tona t ion  w i t h  an unsteady 

' f o l l o w i n g  f l o w '  reg ion .  F i g .  l ( d )  dep ic t s  the  behaviour o f  the 

r e a c t i o n  progress v a r i a b l e  A .  

Here pb i s  the l e f t  boundary f u n c t i o n  

F o r  the  steady s t a t e  case (eg. F ig .  l ( a ) )  one can o b t a i n  an 

exact  s o l u t i o n  by t rans fo rm ing  the equations t o  a frame moving 

w i t h  the shock o f  constant  speed S .  The r e s u l t  i s  

( 7 )  1 p = S + [S' - Q ( 2  - t ) t ]  

w i t h  0 < t \< 1. 

the r e a c t i o n  zone at tached t o  i t , i e .  from X = 0 ( t  = 0 )  t o  

The s o l u t i o n  i s  v a l i d  f o r  the l ead ing  shock and 
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x = 1 ( t  = 1). 

exact so lu t ion  ( 7 )  wil l  be used t o  assess the performance o f  the 

v a r i  ous candidate numerical methods . 

3. NUMERICAL METHODS USED 

We consider s i x  numerical methods. Here we g ive  a b r i e f  

Note t h a t  reac t ion  i s  completed i n  u n i t  time. The 

descr ip t ion  o f  each o f  them together w i t h  appropriate references 

where f u r t h e r  d e t a i l s  can be found. 

a hyperbol ic system o f  the form 

I n  general, we want t o  solve 

Ut + F(U), = S(U) ( 8 )  

which fo r  the analogue discussed i n  Section 1 one has 

the unknowns o f  the problem are pand A .  They depend on 

space x and time t. 

3.1 The MacCormack Method 

This i s  a two-step version o f  the Lax-Wendroff f i n i t e  

d i f fe rence method. The f i r s t  step o f  the method (p red ic t i ve )  

obtains a provis ional  value U* a t  an intermediate time t* by, 

say, forward f l u x  d i f fe renc ing  system (8), i e .  

Here source terms have been ignored. 

step advances the solut ion t o  the complete t i m e  leve l  n t l  by 

d i f fe renc ing  i n  the opposite d i rec t i on  and using predicted 

values U* f o r  f l u x  evaluation, i e .  

The second (cor rec t ive)  
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Appl icat ion o f  t h i s  

normally involve the use 

scheme t o  p rac t i ca l  s i t ua t i ons  w i l l  

o f  a r t i f i c i a l  v iscos i ty ,  an aspect 

which i s  no t  considered here. 

be found i n  Ref 2. 

3.2 A Moving F i n i t e  Element Method 

The moving f i n i t e  element (MFE) method i s  a r e l a t i v e l y  new 

Further d e t a i l s  o f  the method can 

technique s t i l l  under ac t ive  development. 

by reference t o  the scalar hyperbol i c  equation 

I t  can be explained 

Ut + fx = 0 (11) 

where t o  begin w i t h  we consider only the homogeneous (source- 

f ree )  problem. 

An approximation i s  sought by replacing U by a piecewise 

l i n e a r  func t ion  V o f  the form 

V = C. a.a. (12) 1 1 1  

where 

are nodal amp1 i tudes ai = a i i t )  , - i .=  1, . . . 9 imax * 
ai = a.(X,s) , i = 1, . . ., i are 1 inear bas is  max ' 1 -  

function's o f  loca l  compact support and 5 = S ( t )  i s  

a time-dependent vector o f  nodal pos i t ions  Si , 

i = 1 ,  . . .  ' illlax- 

P a r t i a l  d i f f e r e n t i a l  o f  (11) w i th  respect t o  time y ie lds  

v = C. ( i . a .  + S.B.) 113) t 1 1 1  1 1  

where 
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mation 

the L, 

I 

ai and Bi are basis funct ions defined by the same g r i d  po in ts  

( l o c a l l y ) .  

The equation (11) i s  replaced by 

V t  + f(V), = 0 (14) 

where V t  i s  given i n  (13).  The f l u x  i s  p ro jec ted  i n t o  the approxi- 

space spanned by the basis functions ai and Bi.by minimising 

residual  

over the parameters ai and S ( i  = 1, . . . , imax) .  

This leads t o  the se t  o f  MFE equations (ODE'S) 

where 

A(y) i s  the MFE matrix, which i s  square and symmetric, 

cons is t ing  of inner  products o f  the basis func t ion  a and 6 i n  

2 x 2 blocks. g(2) i s  a vector a r i s i n g  from f(V)x .  

The so lu t ion  t o  t h i s  equation gives the so lu t ion  o f  the g r i d  

po in ts  which vary w i t h  time and the so lu t i on  V which corresponds t o  

the g r i d  po in t .  

al lows the g r i d  po in ts  t o  move t o  areas o f  the f low where large 

The optimal feature o f  t h i s  method i s  t ha t  i t  
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gradients ex is t ,  thus g i v ing  high reso lu t i on  i n  t h i s  area. 

The model paths x = s i ( t )  are found t o  be approximations t o  

the charac ter is t i c  curves o f  (l l) ,  so t h a t  the nodal values 

a i ( t )  are almost independent o f  t. 

Edwards3 

the mobile element method (MEM). 

f o l l ow  a cha rac te r i s t i c  path, and i n  (13) on ly  the ai have t o  

be considered i n  the minimisation. 

This observation has l e d  

t o  propose a simpler version o f  MFE, which he c a l l s  

Here s i ( t )  i s  constrained t o  

I n  p rac t ice  we have no t  found e i t h e r  formulat ion t o  be 

sa t is fac to ry  i n  the presence o f  a source term. 

begin wel l ,  f o r  a few time steps, b u t  as nodes fo l l ow  the charac- 

t e r i s t i c s  they are removed from the reac t ion  zone without being 

replaced. 

framework t h a t  y i e l d s  a sa t i s fac to ry  p rac t i ca l  procedure. 

Computations 

To date we have n o t  succeeded i n  f i n d i n g  any theore t ica l  

A l l  the other methods we use i n  t h i s  paper invo lve  the 

concept o f  the Riemann problem, a descr ip t ion  o f  which i s  now 

given. 

3.3 Riemann Problem 

The Riemann problem f o r  a system (8), without the source 

terms, i s  the i n i t i a l  value proolem f o r  (8)  w i t h  i n i t i a l  data 

273 

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
1
4
:
0
3
 
1
6
 
J
a
n
u
a
r
y
 
2
0
1
1



c o n s i s t i n g  o f  two cons tan t  s ta tes .  Given the  s i m p l i c i t y  o f  t he  

i n i t i a l  data one can so l ve  t h i s  problem e x a c t l y  i f  needed. The 

problem w i t h  more general data can then be reduced t o  sequences o f  

Riemann problems by approx imat ing the  data by piece-wise constant  

f unc t i ons .  

We now p resen t  t h e  r e s u l t s  f o r  t h e  Riemann problem f o r  

t he  de tona t ion  analogue w r i t t e n  as 

Ut + A(U)UX = 0 (15) 

where t h e  Jacobian m a t r i x  A i s  g i ven  by  

A(U) = - ;L = [: 91 (16) 

and whose eigenvalues a r e  el = 0 and e2 = p w i t h  corresponding 

r i g h t  e igenvectors  

The s o l u t i o n  c o n s i s t s  o f  two waves. The l e f t  wave 

_ -  :: - el = 0 i s  l i k e  a ' c o n t a c t '  across which P and X change 

dx 
d t  - d i scon t inuous ly  and p i s  constant .  The r i g h t  wave - - e, = P 

i s  e i t h e r  a shock o r  a r a r e f a c t i o n .  The complete s o l u t i o n  may 

be expressed a s  f o l l o w s  

(18) b 
P,,, = [P; + Q(X1 - X,)I 2 PI 

274 

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
1
4
:
0
3
 
1
6
 
J
a
n
u
a
r
y
 
2
0
1
1



If q,, > or then pm > pr (shock). 

( ra re fac t ion) .  

region between waves 1 and 2 and subscripts 1 and r denote l e f t  

and r i g h t  states (data f o r  Riemann problem). More de ta i l s  

about the so lu t i on  o f  t h i s  problem can be found i n  Ref 141. 
3.4 Godunov's Method 

I f  o1 < or then pm < pr 

Here subscr ipt  m denotes values i n  the uniform 

This two-step method was f i r s t  proposed by Godunov [ll]. 

I t  uses the so lu t i on  o f  the Riemann problem t o  obtain provis ional  

values f o r  f l u x  evaluation. The scheme i s  

where FYI: i s  the f l u x  F i n  system (8)  evaluated a t  the so lu t ion  

o f  the Riemann problem w i t h  data Ui and Uc,l a t  X = i A X  and 
n 

t = ( n  t 3 ) A T .  

3.5 The Random Choice Method 

This method was f i r s t  presented as a computational technique 

by Chorin5 

been incorporated i n t o  the basic technique. 

o f  the method as applied t o  the Euler equations i n  one dimension 

can be found i n  Ref. 6. Essent ia l ly ,  the Random Choice Method 

( R C M )  solves the sequence o f  Riemann problems a t  a given time 

leve l  n exactly. I n  a given computational c e l l  i o f  s ize AX 

there w i l l  be waves from the l e f t  Riemann problem (i-1, i )  and 

from the r i g h t  Riemann problem (i, i t l ) .  

i n  1976. A number o f  improvements have since then 

An up-to-date account 

The so lu t ion  a t  the 
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g r i d  point i a t  time level n + l  will  be taken as the solution o f  

the Riemann problems concerned evaluated a t  a random position 

within ce l l  i .  

to represent d i scont inui t ies  w i t h  zero width. 

3 .6  A Higher Order Random Choice M e w  

A unique fea ture  of t h i s  method is  i t s  a b i l i t y  

Essentially,  t h i s  method as presented i n  Ref 7 i s  a random 

general i sa t ion  o f  the Go'dunov's method, whereby in te rce l l  f l u t e s  

a re  evaluated a t  the solution of the corresponding Riemann 

problem a t  a random position a s  i n  the two-step version of the 

Random Choice Method. This technique turns out t o  be second 

order accura.te. 

presented i n  Ref. 8 

d iscont inui t ies .  These ideas a re  s t i l l  i n  development, b u t  our 

experience so f a r  from appl i'cations to  various problems i s  

A hybridised version o f  this method was 

where t rad i t iona l  RCM is used a t  large 

encouraging. 

3.7 A Flux Difference Sp l i t t i ng  Method 

Several numerical schemes a re  based on an approximate wave 

analysis of the in te rac t ion  between adjacent c e l l s  i , i+ l ;  tha t  

i s  t o  say they solve an approximate Riemann problem f o r  t ha t  

data.  Roe's method' i s  to solve the Riemann problem fo r  a 

local l inear i sa t ion  o f  the governing equations 

0 

u t  t A(UL,UR)UX = 0 

- 
where A i s  a local average o f  the Jacobian matrix, chosen t o  have 

the property 
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A"(uL,uR)(uR - UL) 2 FR - FL 

This  p roper t y  ensures the  s o l u t i o n  i s  exact  i f  UR,UL a re  

For s t a t e s  t h a t  can be connected by a s i n g l e  d i s c o n t i n u i t y .  

t he  detonat ion analogue t h i s  m a t r i x  i s  ve ry  simple, i t  i s  

(Compare equat ion (16).  

The eigenvalues and e igenvectors  o f  t h i s  m a t r i x  are as g i ven  

i n  Sect ion ( 3 . 3 ) ,  b u t  w i t h  p rep laced by l ( p L  t pR). 

To compute the i n t e r f a c e  f l u x  by Roe's method, the  f i r s t  

s tep  i s  t o  express UR - UL as 

UR - U L  = h K V K  
K 

where { V K ]  are the e igenvectors  o f  A, and {a,,,} are the  c o e f f i -  

c i e n t s  o f  the expansion. 

F i t f  = t ( F L  + FR) - f 

where L,R r e f e r  t o  i,i+l, 

eigenvalue o f  A. 

Then the i n t e r f a c e  f l u x  i s  g iven by 

caKl AKIVK (21 1 
K 

and I A , l  i s  t he  absolute va lue o f  an 

This f l u x  def ines a robus t  f i r s t - o r d e r  scheme, s u i t a b l e  

f o r  use i n  non-smooth reg ions o f  the f low,  and having p roper t i es  

very s i m i l a r  t o  those o f  Godunov's scheme. I n  smooth reg ions i t  

i s  a1 1 owab I e t o  add terms t h a t  produce second-order accuracy; 
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the f l u x  equation (21)  becomes 

where 'pK i s  a function equal to  zero in non-smooth parts of 

the flow, b u t  close t o  unity i n  smooth regions. 

separate smoothness monitor 'pK i s  used for each wave. I n  (22) 

vK i s  the Courant number associated with the K t h  wave, that  i s  

Note that  a 

AKAt 
'K = 

I n  smooth regions, p u t t i n g  (PK = 1 yields 

At Ca X Z V  F i+ t  = ~ ( F L  + F ~ )  - 2ht K K K 

A A t  
= !!(FL 't FR) - (FR - FL I  

which recovers the flux of the Lax-Wendroff formula. 

Different methods of computing 'pK are discussed i n  [ lo ]  

and  some o f  the references quoted tnere. 

calculations we have used the "Superbee" 1 imi te r  function. 

In our present 

4.  TEST PROBLEMS 

We consider two tes t  cases, namely problems 1 and 2. For 

problem 1 the in i t i a l  condition ( t = O )  i s  the steady exact 

solution; the boundary condition on the l e f t  boundary i s  p 

and parameters are chosen so t h a t  pe = S, where S i s  the steady 

shock speed. The computed results will show profiles o f  

density, reaction progress variable and  pressure for ten 

different t imes. Note that a reaction-zone w i d t h  corresponds 

- 
b - 'e 
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un i t  time. 

Th is  i s  the s imp les t  t e s t  case one can devise f o r  the analogue 

and y e t  i t  w i l l  show q u i t e  c l e a r l y  what the  l i m i t a t i o n s  o f  some 

o f  the methods a p p l i e d  are.  

comparison w i t h  t h e  numerical s o l u t i o n .  

The i n i t i a l  p r o f i l e  i s  a l s o  shown i n  the  f igures.  

The exac t  s o l u t i o n  i s  used f o r  

Problem 2 resembles more r e a l  i s t i c  detonat ion problems. 

The i n i t i a l  p r o f i l e  i s  a f l a t  topped (un reac t i ve )  shock which 

i n i t i a t e s  r e a c t i o n .  

t ine u n i t s )  a steady de tona t ion  has been developed. 

a re  chosen so t h a t  a steady s o l u t i o n  as i n  problem 1 i s  obtained, 

i e .  pb = pe = 5 .  

A f t e r  a s u f f i c i e n t l y  long t ime (about f i v e  

Parameters 

I n  b o t h  problems 1 and 2 the  choice on an ' i g n i t i o n  

c r i t e r i o n '  i s  necessary. F o r  a l l  the cases considered we took 

the  va lue p = 4.0 as the va lue above which chemical r e a c t i o n  

took place. 

5. NUMERICAL RESULTS AND ASSESSMENT OF #ETHODS 

Here we p resen t  one s e t  of r e s u l t s  f o r  each o f  the two t e s t  

cases s p e c i f i e d  i n  Sec t i on  4 (problems 1 and 2 ) .  A l l  r e s u l t s  

are f o r  a f i x e d  and r e g u l a r  mesh. 

i s  such t h a t  t he  r e a c t i o n  zone i s  d i s c r e t i s e d  by ten  po in ts ;  

t h i s  i s  perhaps the  maximum number t h a t  one cou ld  a f f o r d  t o  use 

i n  r e a l i s t i c  computations us ing  regu la r  f i x e d  meshes. 

5 .1  Resul ts  For  Problem 1 

The chosen mesh s i z e  DX = 0.5 

-- 
A l l  computed r e s u l t s  f o r  t h i s  problem are shown i n  F igs.  

2 t o  7. The respec t i ve  numerical techniques used are: 
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MacCormack's Method, the  Moving F i n i t e  Element Method, Godunov's 

Method, the  Random Choice Method, the H y b r i d  Method and the F lux  

D i f f e r e n c e  S p l i t t i n g  (Roe) Method. 

parameters used a re  shown on the  f i g u r e s .  

q u a n t i t i e s  are the densi ty ,  the r e a c t i o n  progress v a r i a b l e  and 

the  pressure (computed from the equat ion o f  s t a t e ) .  

p r o f i l e s  a r e  shown i n  each f i g u r e ,  except  f o r  t h e  MacCormack's' 

method, i n  which, t o  avo id  confusion, o n l y  th ree  p r o f i l e s  a re  

shown. On each p l o t ,  the f i r s t  p r o f i l e  on the  l e f t  i s  t he  

i n i t i a l  p r o f i l e  ( t ime  zero), which i n  t h i s  t e s t  case i s  the 

exac t  steady s o l u t i o n .  A l l  subsequent p r o f i l e s  come i n  pa i r s ,  

showing the  numerical s o l u t i o n  (symbols p l u s  dashed l i n e )  and 

the  exac t  s o l u t i o n  ( f u l l  l i n e ) .  

t e n  t ime u n i t s  (about  ten  r e a c t i o n  zones). 

Values o f  some o f  the computing 

The d i sp layed  

Eleven 

A l l  methods were r u n  up t o  about 

The o b j e c t i v e  i n  mind f o r  t h i s  t e s t  problem was t o  assess 

the performance o f  t he  v.arious candidate numerical methods on 

the  s imp les t  problem, which i n  a d d i t i o n  has an exac t  s o l u t i o n .  

Since the  i n i t i a l  p r o f i l e  i s  the exact  s o l u t i o n  i t s e l f ,  the l e a s t  

t h a t  is expected from the numerical technique i n  use i s  preserva- 

t i o n  o f  t he  e s s e n t i a l  f ea tu res  o f  the s o l u t i o n  (shock and the 

r e a c t i o n  zone), independently o f  the number o f  t ime steps used i n  

the computations. 

F i g .  2 shows r e s u l t s  obta ined us ing  MacCormack; o n l y  two 

computed p r o f i l e s  a re  d isp layed.  Q u i t e  c l e a r l y ,  these r e s u l t s  

a re  complete ly  unacceptable. The t y p i c a l  overshoots and spurious 
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osc i l la t ions  behind the shock are  present (no a r t i f i c i a l  viscosity 

used). 

t o  identify the main features of the problem. 

the solution f o r  the reaction progress variable is  s l i gh t ly  

better i n  t ha t  i t  is  possible t o  see where reaction has  taken 

place. B u t  since we are using an 'activation density '  equal to 

4.0, undershoots i n  the density p ro f i l e  below this value cause 

the reaction to  stop temporarily. Otherwise the prof i le  fo r  A 

should be smooth, although not necessarily cor rec t ly  positioned. 

Th i s  is because t h e  r a t e  equation considered here is independent 

of density. 

MacCormack solution fo r  X should be even worse tha t  t ha t  of 

F i g .  2. 

w i t h i n  the reaction zone i t  is  possible to  obtain a s ign i f i -  

cantly be t te r  solution, although s t i l l  unsatisfactory. B u t  

th is  s o r t  of mesh is  completely unrea l i s t ic .  

From the density ( o r  pressure) prof i les  i t  i s  impossible 

Note however tha t  

Hence f o r  more r e a l i s t i c  r a t e  equations the 

We note tha t  by using a mesh containing 50 points 

Fig. 3 shows results obtained using the Moving Fin i te  

Element Method. The resu l t s  a re  perfect f o r  t h i s  problem. 

Fig. 4 shows resu l t s  obtained using Godunov's Method. 

Results are s ign i f icant ly  better than those obtained using 

MacCormack, b u t  the shuck i s  smeared and the discontinuity 

i n  derivative a t  the end of the reaction zone i s  completely 

missed, as expected from a f i r s t  order difference method. 

Consequently, the computed reaction zone has more than twice 

the correct w i d t h ,  a f t e r  about ten time u n i t s .  Also, shock 
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peak values a re  n o t  a t t a i n e d  accurate ly ,  t he  e r r o r  i s  about 10%. 

Th is  method, as i t  stands, i s  n o t  a se r ious  candidate f o r  

detonat ion problems. 

F ig .  5 i l l u s t r a t e s  the  r e s u l t s  obta ined by the Random 

Choice Method. These are very s a t i s f a c t o r y .  The shock i s  

abso lu te l y  sharp ( ze ro  w id th ) ,  as guaranteed by RCM, a l though 

i t s  p o s i t i o n  i s  a f f e c t e d  by randomness. The d i s c o n t i n u i t y  i n  

d e r i v a t i v e  a t  t he  end o f  t he  r e a c t i o n  zone i s  v e r y  accu ra te l y  

captured. The r e a c t i o n  zone has the c o r r e c t  width,  b u t  the 

p r o f i l e  i n s i d e  i t  i s  a l so  a f f e c t e d  by randomess ( n o t  the r e a c t i o n  

progress v a r i a b l e ) .  Shock peak values a re  ve ry  accurate. The 

disadvantage o f  the method i s  t he  randomness, which i s  more 

c l e a r l y  mani fested i n  the pressure p r o f i l e s  i n  t h e  present  

computations . 
F i g .  6 shows the r e s u l t s  obta ined by the  H y b r i d  Method 

(Higher Order Random Choice p l u s  RCM a t  l a r g e  d i s c o n t i n u i t i e s ) .  

These r e s u l t s  l ook  ve ry  good. The t y p i c a l  randomness o f  RCM 

has been e l i m i n a t e d  and the  ze ro -w id th  shock o f  RCM has been 

re ta ined .  The shock p o s i t i o n ,  however, i s  s t i l l  a f f e c t e d  by 

c e r t a i n  randomness. 

F i g .  7 i l l u s t r a t e s  the  r e s u l t s  ob ta ined  us ing  Roe's method. 

They are ve ry  s a t i s f a c t o r y .  The shock i s  smeared b u t  n o t  as 

much as i n  the r e s u l t s  obta ined by f i r s t  o rde r  Godunov's method 

(Fig. 4 ) .  A l s o ,  i t  i s  known t h a t  t h i s  h igh  r e s o l u t i o n  scheme 

performs ve ry  w e l l  i n  more r e a l i s t i c  gas dynamical problems, 
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as compared with other modern numerical methods. 

5.2 Results fo r  Problem 2 

This t e s t  case was described in Section 4.  The problem 

simulates detonation i n i t i a t i o n  by a flat-topped shock of 

suf f ic ien t  strength. The intention i s  to assess the a b i l i t y  o f  

the methods to  'grow' the detonation t o  the steady s t a t e  solution. 

Results a re  shown i n  Figs. 8 to  11. 

Godunov, RCM, Hybrid and Roe's. We have excluded MacCormack from 

these resu l t s .  Problem 1 has already shown i t s  inadequacy. Also, 

we have excluded the Moving F in i t e  Element Method. We could not 

succeed i n  producing acceptable solutions fo r  t h i s  more r e a l i s t i c  

problem. 

The methods tested are  

The performance of the various methods considered here is 

similar to tha t  on Problem 1. They a re  a l l  capable of i n i t i a t ing  

the detonation and carry i t  to steady s t a t e  i n  about the 

same time (about f ive  time un i t s ) .  

6. CONCLUSIONS 

The numerical experiments using Problems 1 and 2 suggest 

t h a t  both MacCormbck and Godunov methods a re  inadequate f o r  

the problem under study. Our MFE method could only succeed i n  the 

simplest problem a1 though there the r e su l t s  were impressive. 

The remaining three methods (RCM, Hybrid and Roe) are presently 

being assessed i n  terms o f  ( a )  performance for the unsteady 

Euler equations in two space dimensions ( b )  ab i l i t y  o f  the 

method to incorporate complicated equations of s t a t e  ( c )  v i ab i l i t y  
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t o  implement the method using i r regu la r ,  adaptive g r ids  

(d) computational e f f i c i e n c y  and, na tu ra l l y  ( e l  degree o f  devel- 

opment o f  the technique and experience from appl icat ions t o  

s im i la r  problems. Given these c r i t e r i a ,  Roe's Method i s  a good 

candidate f o r  the f u l l  physical problem, although we are s t i l l  

working on the key d i f f i c u l t y  a f fec t i ng  Hybrid, and more par t -  

i c u l a r l y  RCM; t h a t  i s ,  the extension o f  t h i s  method t o  mu l t i -  

dimensional problems preserving the q u a l i t y  o f  t h e i r  one- 

dimensional performance. 
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Q= 25.B0, S5 .00 ,  DT=0.825, DK= 0.50, C’L=0.500 IVkX=115 YTS=405 
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PROBLEN 2 (JNSTEVJY) 

GI= 2 5 . 0 0  S= 5 . 0 0  CC!_ WJn9€9=0.52 
F I G U R E  8 :NUflERlCAL SOLLlflON USlhlG GOOUNOV'S r l E T ' I O D .  
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r'ROBLER 2 (UNSTEADY ) 

0. 25.00 S= 5.00 CFL NUIIBEP-0.50 
FIGURE 9 :NUPIERICAL SOLUTION BY RANDOn CHOICE RETYOI). 
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PROBLEn 2 (UNSTEADY ) 

O= 25.00 S= 5.80 CFL YUMBEP=0.50 
F I G U R E  10 :FJUnERlChL SOLUTION USIFJG THE HYBPID tlETHOD. 
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PROBLEtl 2 C UNSTEADY ) 
FIGURE 11:  YUnERICAL SOLUTION BY ROE'S nETHOD ON REGULAR GRID 

(3. 25.00, 5=5.00, OT=0.025, DX= 6-58,  CFL~0.500 I t l A X = 1 1 2  NTS=400 
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